Introduction
The paper is devoted to the study of the singular elliptic equation
where B R = {x ∈ R N : |x| < R}, µ ∈ R, the singular weight p : (0, non-Newtonian fluids (we refer for more details to [1] [2] [3] [4] [5] [6] [7] and the references therein). On the other hand, the requirement that the convection term |∇u| σ grows at most quadratically is natural in order to apply the maximum principle (see [8] [9] [10] ). However, if σ ̸ = 2, then the convection term |∇u| σ is more delicate to handle (see [3] [4] [5] 7] ). In 2005, Ghergu-Rȃdulescu [5] considered the following singular elliptic equation
where Ω ⊂ R N is a smooth bounded domain. They obtained some interesting bifurcation analysis. (1) when Ω = B R and obtained µ * = +∞. In this paper, we make much more precise proof of the existence of positive solution for all µ ∈ R. Furthermore, we also describe the asymptotical behavior of solution for the singular elliptic Eq. (1). Thus, we prove the following results. 
Here and in what follows, C denote generic positive constants independent of u, which could be changed from one line to another.
Proof of Theorem 1
First, we consider the following singular elliptic equation
where µ > 0, the singular weight p : (0, ∞) → (0, ∞) is nonincreasing and Hölder continuous and g ∈ C 1 (0, ∞) is a positive decreasing function and lim t→0 + g(t) = +∞. 
Clearly, ω is a sub-solution of (4). Since g is decreasing and the domain is symmetric, ω is a radially symmetric function, i.e., ω = ω(r), and for any 0 ≤ r ≤ R,
Now, we assume that there exists a radially symmetric solution u of Eq. (4), then (4) can be rewritten as follows
We claim that u(r) is well defined and bounded.
Indeed, it implies from (5) that for all 0 ≤ r < R
Thus u ′ (r) < 0 for all 0 < r < R. Integrating the above inequality leads to
, for all 0 ≤ r < R.
Therefore, Eq. (5) is equivalent to
Thus,
A simple calculation yields
and
where 0 < ϵ < R is a constant. Since u(r) is decreasing for 0 < r < R, it is clear that the first and second terms of the right hand side are bounded. From (6) and the condition  ϵ 0 tp(t)g(t)dt < ∞, we get
Therefore, u(0) ≤ Q and we prove the claim.
Next, we construct a super-solution of (4). Let M = max  e µR ω(0), Q  and v 0 (r) = ω(r). For all 0 ≤ r < R and k ≥ 1, define an iterative sequence by
Note that v k is decreasing in [0, R) for all k ≥ 0. For any 0 ≤ r < R, a direct calculation leads to
By mathematical induction, we easily deduce v k (r) ≥ v k−1 (r) for all k ≥ 1. Then, we obtain that for all 0 ≤ r < R,
Therefore we conclude that the limit v(r) = lim k→∞ v k (r) for all 0 ≤ r < R is a super-solution of (5). Utilizing the theory of ODE, we also find
Finally, by the use of sub-solution and super-solution method, we conclude that Eq. (4) has at least one solution. [3] should be the form (7), then we make more delicate handling. In addition, the assumption  ϵ 0 tp(t)g(t)dt < +∞ can guarantee the existence of the super-solution.
Remark 1. (i) In contrast with [3, Lemma 3.2], the equation (64) in
(ii) The linear convection term |∇u| fails to use the maximum principle.
Proof of Theorem 1. Applying Theorem 3.2(i) in [3] , we conclude that the result holds true for all µ ≤ 0. Hence, we only need to prove the case µ > 0. From [3, Theorem 3.2 (i)], it is easy to verify that there exists
It is obvious that u is a sub-solution of (1) for all µ > 0.
Let v be a solution (4) . We choose a constant K > 0 such that K ≥ f (x, K|v| ∞ ) and let u = Kv, then we have
Thus, u is a super-solution of (1). Then, from the monotonicity of g and Lemma 1, we easily deduce u ≤ u in B R . Hence, Eq. (1) has at least one solution.
Proof of Theorem 2
Proof of Theorem 2. From Theorem 1, we find that ω is a radial symmetric sub-solution of (1) with ω ≤ u, then, it implies from (6) that
where C = R 2N is a constant.
From Lemma 1 and Theorem 1, we can find a radial symmetric super-solution v with u ≤ v for all x ∈ B R , then we can assume that u is a radial symmetric solution satisfying the Eq. (7). Hence, for any x ∈ B ε R , we use the monotonicity of p and g together with (6) to get
Next, we consider three cases. Therefore, we obtain the estimate (3).
